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Simultaneous Heat and Mass Transfer in Packed Bed
Catalytic Reactors

K. Kamiuto* and S. Saitoht
Oita University, Oita 870-11, Japan

Our previous quasihomogeneous model for heat transfer in packed beds is extended so as to include mass
transfer in the beds. A porosity-dependent mass dispersion coefficient is incorporated into the previous model.
To examine the adequacy of the model, the sulfer dioxide reactor of Schuler et al. is analyzed theoretically
utilizing a finite difference scheme. The theoretical results agreed well with the experimental data without
introducing any adjustable parameters.

Nomenclature
C = inertial coefficient
cp = specific heat
Da = Darcy number
Dam = Damkohler number
D(l = mass dispersion coefficient
Dc = effective molecular diffusivity of a reactant within

a packed bed
Dm = molecular diffusivity of a reactant in air
dr = particle diameter
Eu = dimensionless pressure gradient
Fh = Forchheimer number
H = total heat of reaction
hx = local heat transfer coefficient
K = permeability
K(] = equilibrium constant
/£, = adsorption equilibrium constant for oxygen
K2 = adsorption equilibrium constant for SO3
k = specific rate constant
kt( = thermal dispersion conductivity of a packed bed
kc = stagnant effective thermal conductivity of a

packed bed
kf = thermal conductivity of fluid
k, = thermal conductivity of solid
k. = axial thermal dispersion conductivity
Le = Lewis number
Nuf = local Nusselt number
np = number density of particles
P = pressure
Pi = partial pressure at the catalytic surface
Pe,, = Peclet number for heat
PeM = Peclet number for mass
Pr = Prandtl number
Re = Reynolds number
Rx = rate of consumption of a reactant
/?v() = rate of consumption of a reactant at Tl}
r - radial coordinate
r(} = radius of a cylindrical packed column
S = molar concentration of a reactant
Sc = Schmidt number
SF = molar concentration of ^ reactant in feed
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T = temperature
Tt. = temperature of the core region at the inlet of the

reactor
Tj = temperature at the inlet of the reactor
Tm = mean fluid temperature
Tw = wall temperature
T() = inlet temperature of feed
U = dimensionless axial velocity
u = axial velocity
um = mean axial velocity
x = conversion
(x) = mean conversion
y = quantity defined by (r() - r)ldp
yf = mole fraction of sulfur dioxide in feed
z = axial coordinate
z, = length of a prereaction zone
T = ratio of the radius of a packed column to the

particle diameter
y(!Ii = lateral mixing function for heat
yt{M = lateral mixing function for mass
8t, = dimensionless transverse dispersion conductivity

for mass
8t. = dimensionless effective molecular diffusivity
£ = dimensionless distance from the wall
77 = dimensionless radial coordinate
% = Eq. (18)
6 = dimensionless temperature
0{. = dimensionless temperature of the core region at

the inlet of the reactor
6f = dimensionless temperature at the inlet of the

reactor
6m = dimensionless mixing cup temperature
0lt. — dimensionless wall temperature
K = ratio of thermal conductivity of the solid to that

of the fluid
A,, = dimensionless thermal dispersion conductivity
At, = dimensionless effective thermal conductivity of a

packed bed
A. = dimensionless axial effective thermal conductivity
fji = viscosity of fluid
v — kinematic viscosity of fluid
£ = dimensionless axial coordinate
f, = dimensionless length of the prereaction zone
p = density of fluid
ps = density of packed sphere
4> = porosity
(/>„ = porosity at the centerline of a reactor

Subscript
* = quantity at </> = 0.39
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Superscript
* = dimensionless quantity

Introduction

M ATHEMATICAL models for heat and mass transfer
within packed bed chemical reactors are indispensable

for quantitative prediction of the temperature profiles and
conversions in the reactor, and several theoretical models
have been proposed in the literature. According to Cheng
and Zhu,1 previous theoretical models may be classified into
two groups: 1) the lumped parameter model and 2) the dis-
tributed parameter model. The former assumes a plug flow
within a reactor and requires constant transverse dispersion
coefficient for heat and mass and an apparent wall heat trans-
fer coefficient that must be determined experimentally. The
lumped parameter model has been widely utilized for design
purposes, but today, it is well-recognized that this model ap-
preciably overpredicts the hot spot temperatures in wall-cooled
catalytic reactors,2 than are observed. On the other hand, the
distributed parameter model allows that local porosity, ve-
locity profile, effective thermal conductivity, effective dis-
persion coefficients for heat, and mass vary with radial po-
sition. Utilizing this kind of model, Ahmed and Fahine3 analyzed
simultaneous heat and mass transfer in the sulfer dioxide re-
actor of Schuler et al.,4 and succeeded in predicting the hot
spot temperature, the hot spot location, and the mean con-
versions. However, detailed inspection of their results reveals
that the calculated centerline temperature of the reactor does
not agree with the experimental data towards the end of the
reactor. Moreover, their model does not allow a purely the-
oretical approach: the experimentally determined velocity
profile is utilized and the dispersion coefficients for mass and
the effective thermal conductivity are given as an empirical
function of radial position.

Recently, the authors5 proposed a quasihomogeneous model
for analyzing packed bed heat transfer, where the velocity
profile was given by solving the momentum equation taking
into account the effects of non-Darcy and variable porosity,
while the temperature field was determined by solving the
energy equation considering the effects of radial thermal dis-
persion, variable effective thermal conductivity, and thermal
radiation.

The purpose of the present study is to extend this model
so as to include mass transfer in packed bed catalytic reactors.
To this end, a porosity-dependent transverse dispersion coef-
ficient for mass is introduced into the previous model and
then, to discuss the adequacy of the model, oxidization of
sulfer dioxide to sulfer trioxide over platinum catalysts in the
presence of air is analyzed under conditions corresponding to
the experiments of Schuler et al.4

Governing Equations
The present theoretical model is based on the following

assumptions:
1) The packed bed reactor is in local thermal equilibrium.
2) The wall of the reactor is isothermal and noncatalytic.
3) The radial porosity variations are considered. The ve-

locity, the transverse dispersion coefficients for heat and mass,
and the effective thermal conductivity are permitted to vary
with radial position.

4) The fluid is incompressible and the flowfield in the re-
actor is fully developed at the inlet to the reactor.

5) Viscous dissipation and axial conduction terms in the
energy equation are neglected.

6) Axial diffusion terms in the conservation equations for
chemical species are disregarded.

7) A correction is made for axial conduction in the inlet
region to the reactor.

8) Radiation effects are negligible. This assumption is fully
justified for packed spheres impregnated with platinum be-
cause the surface emissivity of such spheres is sufficiently low.

Under the previously mentioned assumptions, the steady-
state governing equations are described as follows:

(1)

^ ,
T; u + pCu2 =K r

dP ^ 1 d I du
-- — + - - — (r —

dz </> r dr \ dr (3)y '

(4)

where K and C represent the permeability and inertial coef-
ficient given by

(5)

(6)

K = d;>3/

C = 1.75(1 - <l>)ldp<t>3

Moreover, De and D(/ are the effective molecular diffusivity
and mass dispersion coefficient of a reactant within a packed
bed reactor, while kc and kd are the effective thermal con-
ductivity and thermal dispersion conductivity of a packed bed
reactor. These quantities will be discussed in the section on
the physical properties.

The boundary conditions for Eqs. (2-4) are

du dT dSr = 0: — = — = — = 0
dr dr dr

r = r{}: u = 0, T = Tw and — - 0
dr

z = 0: T = T,(r) and S = SF

(7)

Dimensionless Governing Equations
The following dimensionless quantities are introduced to

rewrite the governing equations in the dimensionless form:

C* = —, Da = —, Dam = rg/?J()psC, r,r
(1 -</O——-—

H* =
(-//)5F

P^T; '
K vk

Pr _ /̂' 1̂  _ ^^^/O O* _ A-v^ ~ ^Pr " ̂  ^ ~ "V' ^' ~ /ui - *.)
5c = -^, £/ = A jc = ̂ V^Dm um SF

(8)
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Introducing these dimensionless quantities yields the gov-
erning equations of the form:

Tw

5,,) — I + DamR* (9)
drj_

\LeU^ = ~^~

^EuRe = ̂ -U + ^C*FhReU2 -^- — U — (10)2 Da 2 </> 77 dr] V dW

1 r r a 0 1 a f , , d0"| (H*Dam\
- ( / — = -— rj(Ae + A,/) — + ————— /??4 d£ 17 dr] L dTjj \ Le (U)

The equation of continuity may be rewritten in the following
form:

2 J Ur] dr) = 1 (12)

The relevant boundary conditions can also be rewritten as

7 ^ - 0 : — - — - — - 0
dr] drj dr]

r] = 1: U = 0, 0 = Sw and — - 0 (13)

f = 0: 6 = 0,.(r7) and x = 0

Boundary Condition for Temperature at the Inlet
of the Reactor

The sulfer dioxide reactor of Schuler et al.,4 which is the-
oretically analyzed here, consisted of a 15.24-cm-length bed
packed with alumina catalysts impregnated with platinum,
and was preceded by a 10.16-cm-bed of inactive packings.
Sulfer dioxide and air entered the prereaction zone at 400°C,
while the stainless steel walls were cooled at 200°C. The total
pressure of the reactor was kept at 1.053 bar during the ex-
periments. The relevant physical model and the coordinate
system are shown in Fig. 1.

Because of comparatively small Reynolds number, i.e.,
Re = 751.1, the effects of axial conduction on the temperature
profile at the entrance of the reactor are appreciable and
should be taken into account. However, the inclusion of axial
conduction results in a two-point boundary value problem that
greatly increases the complexity of the numerical analysis. To
circumvent this complexity and to enjoy the merit of an initial
value problem, Ahmed and Fahien3 proposed an approximate
method where the effect of axial conduction is considered
only in the entrance region by appropriately correcting the
inlet thermal boundary condition. In accord with Ahmed and
Fahien,3 the prereaction zone is modeled as a region with an
isothermal core enclosed by a developing thermal boundary
layer. From this model, the temperature profile in the thermal
boundary layer (17,, < 77 < 1) at the entrance to the reactor
is given by

0,- = a + brf + crj4 (14)

The coefficients involved in Eq. (14) are determined by the
following conditions:

r, = 1:
(15)

and =

As a result, Eq. (14) may be rewritten as

0, = [0,.(1 - 2ijJ) + 0lrr,i + 2-nl(0t. -

- (0, - 0,,.M/(i - m)2

To r0

%
r

PRE- °
REACTION
ZONE 1REACTION

ZONE

IW
Fig. 1 Physical model and the coordinate system.

To determine a value of r\h involved in this equation, the
following condition supported experimentally is utilized:

Substituting Eq. (16) into Eq. (17) yields

% = V(3 - 20,. - 0M,)/(0C - 0J (18)

For the core region, the following heat balance holds to be
true:

f)CpUnj — ~ j ~> \ /

where kz represents the effective axial thermal conductivity
including the axial dispersion effect and was estimated from
the relation obtained by Yagi et al/1:

A, = kjkf = A, + 0.75RePr/2Y (20)

The boundary conditions for Eq. (19) are

z = -z,: T( = T()

di; (21)
dz

n <z = 0: ——
dz

Equation (19) can be solved analytically and the resultant
inlet temperature may be written in the dimensionless form:

ft. = 1 + A,
A,

(22)

(16)

As readily seen from Eq. (22), the estimation of 0C requires
a value of d0< /df| f = ( ) + to be known. However, this value is
not known beforehand, and thus, an iterative procedure is
needed: we first assume a tentative value of 0C. and then solve
the governing equations for the first several steps. Based on
the computational results of the temperature profiles thus
obtained, we next evaluate a value of d0,/d£| ̂ = 0 + . If this value
agrees with that estimated from Eq. (22), the first assumed
value of 0t. is a true one and, therefore, we can proceed the
computation toward the end of the reactor. Otherwise, we
must restart on the computation with a different value of 0C..

Moreover, the axial back-diffusion may affect the conver-
sion profile at the entrance to the reactor, but the results of
the general model predictions by Young and Finlayson7 and
their criterion with respect to axial diffusion show that this
effect is negligible and, thus, a correction for axial diffusion
is not made in the present study.

Numerical Methods
Young and Finlayson7 and Ahmed-Fahine3 applied the col-

location method to solve the governing equations for simul-
taneous heat and mass transfer within the SO2 catalytic con-
verter reported by Schuler et al.,4 but we made use of a finite
difference method since the radial variations of porosity, ve-
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Table 1 Physical properties and bed characteristics of the
sulfer dioxide reactor of Schuler et al.4

Quantity Value
Density of the gas
Specific heat of the gas
Thermal conductivity of the gas
Viscosity of the gas
Molecular diffusivity of SO2 in air
Mass flow rate
Feed temperature
Sulfer dioxide in feed
Wall temperature
Reactor tube radius
Particle diameter
Density of the catalyst
Thermal conductivity of the catalyst
Length of the prereaction zone
Length of the reactor
Heat of reaction

0.552 kg/m3

1.06kJ/kgK
0.0457 W/mK
3.31 x 10-5 kg/ms
0.122 x 10-4m2/s
0.475 kg/sm2

400°C
0.066 mole fraction
200°C
2.62 x 10-2 m
0.318 x 10-2 m
1708.7 kg/m3

0.866 W/mK
10.16 x 10-2 m
15.24 x 10-2 m
-9.537 x 107 J/kmol

Table 2 Values of the
dimensionless parameters
utilized for the numerical

analyses

Quantity Value
Dam
H*
Le
Pr
Sc
Re
r
ew

748.57
0.301
6.811
0.721
4.911
751.1
8.24
0.703

locity, temperature, and conversion are too osillatory to an-
alytically represent their profiles with several terms of or-
thogonal functions. The finite difference schemes adopted in
this study were the same as described in Ref. 5 and the nu-
merical code was prepared by revising our. previous one.5

Thus, for finite difference calculations, the dimensionless ra-
dius of the reactor was divided into 350 equally spaced in-
crements. The accuracy of the present numerical calculations
was checked by comparing the results for the mean conversion
(x) and mixing cup temperature Bm at % = 5.09 x 10~3 with
more accurate results that were obtained by utilizing 2000
divisions for discretizing the energy equation and the conser-
vation equation of the reactant. The comparison showed that
the difference between two calculations is quite small: the
present results are (x) = 0.3888 and 9,n = 0.8405, while the
more accurate results are (x) = 0.3889 and 6m = 0.8412. The
parameters for the simulation of the SO2 reactor of Schuler
et al. are summarized in Tables 1 and 2.

Heat Transfer Characteristics and Mean Conversion
The mixing cup temperature is defined by

1\r)u(r)r
dr

(23)

and may be rewritten in the dimensionless form

Om = 2 £ U(r,)e(7,)r, dr, (24)

Similarly, the mean conversion is given by

(x) = 2

= 2 £ dr, (25)

The local Nusselt number is defined by

2-
X 7 UNu( = —T

AC/
(26)

Physical Properties
The effective thermal conductivity appearing in Eq. (4) was

evaluated from Bruggeman's theory. For a gas-solid system,
the dimensionless effective thermal conductivity may be writ-
ten as

A, - kjkf = (K - A)/2
A)/2] (27)

where A = 1 + (4/27)</>3(x - I)3/*2 and K = kslkf. The
adequacy of Bruggeman's theory has fully been examined in
Ref. 8.

The thermal dispersion conductivity kd represents a degree
of thermal transport due to the lateral mixing of local fluid
streams within a packed bed and the dimensionless thermal
dispersion conductivity is generally represented by

A,, = kdlkf = yl{HPrReU(j])l2Y (28)

where ytlll denotes a lateral mixing function for heat (or a
reciprocal of Peclet number for heat dispersion, Peff). ydll
depends on a local porosity and is represented in the following
form:

(29)

The values of a and b are determined so as to reproduce
Kunii's theoretical estimate for the wall region9 and the ex-
perimental data10 for the packed bed with r~> oo, i.e., %/,.,(().7)
- 0.02 and y,/7/(0.356) - 0.1232. The determined values are
0.3519 for a and 2.3819 for b.

The effective molecular diffusivity De in a packed bed re-
actor was evaluated from

(30)

where Dm is the molecular diffusivity of a reactant in air.
The mass dispersion coefficient Dd denotes a degree of mass

diffusion due to the lateral mixing of local fluid stream within
a reactor and was given by

dd = DdIDm = y(lMScReU(r))/2r (31)

where ydM is a lateral mixing function for mass (or a reciprocal
of Peclet number for mass dispersion, PeM). Here, we as-
sumed that PeM = K'Peff, since mass and heat dispersions
occur due to the same mechanism. A value of K' was deter-
mined utilizing experimental values10-11 of Peu and PeM for
4> = 0.356 corresponding to F —> <», i.e., PeH = 8.1157 and
PeM = 8, and was found to be 0.9857. As a result, the lateral
mixing function for mass becomes

yllM = 0.3569(1 - (32)

The local porosity distribution function was given by the
Ridgeway-Tarback distribution,12 which is written as follows:

For 0 < f < 0.6

(/>(£) = 1 ~ 3.10036£ + 3.70243£2 - 1.24612?

For 0.6 < £ < T (>5)

= -0.1865 exp(-0.22£!-s)cos(7.66f,) + 0.39

(33)
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where £, = f — 0.6,£ = y/dlt, and y represents the distance
from the wall.

The rate expression for oxidization of sulfer dioxide to sul-
fer trioxide over platinum catalysts in the presence of air may
be written in the following form13:

J2 (34)

where P, denotes partial pressure of / at the catalyst surface,
k the specific rate constant, K} the adsorption equilibrium
constant for oxygen, K2 the adsorption equilibrium constant
for SO3, K{} the equilibrium constant, and 7 the catalyst tem-
perature (K). These quantities are represented in the follow-
ing form:

P0: = 0.21(1 - yF) - Q.5yrx

(35)
k = A, exp(B,/r)

= A2 Qxp(BJT)

K2 = A3 exp(£3/r)

where yr denotes the mole fraction of sulfer dioxide in feed
( = 0.066). Values of A}, A2, A^ £,, £2, and B, were deter-
mined so as to reproduce the experimental data of reaction
rate described in Ref. 14. The obtained results are Al = 17.25
(kmol/s/kg-catalyst), A, = exp(-31.43), A3 = exp(-0.5468),
B{ = -6904.4, B2 = 19,746.5, and B, = 2691.9. The equi-
librium constant was taken from Ref. 13 and was given by

4.0

K{} = exp(ll,572.2/T - 10.05) (36)

As seen from Fig. 2, the agreement between the present cor-
relation and the experimental data is excellent.

Results and Discussion
The calculated velocity profile is shown in Fig. 3, where

the experimental results obtained by Morales et al.15 are de-
noted by the symbols. The velocity profile oscillates period-
ically in accord with the radial porosity variations. There exists
a discrepancy between the theoretical result and the experi-
mental ones, but it should be noted that the indicated ex-
perimental data were taken at the distance of iS in. above the
top of the packing and, thus, expected oscillatory velocity
variations were appreciably smoothed out.

Figure 4 shows a comparison between the theoretically cal-
culated temperature profiles and the experimental ones. The
calculated temperature profiles are characterized by the steep
temperature gradient at the cold wall, which was caused by

3,0

' Re = 751.1
' P=8.24

-: THEORETICAL RESULTS
(EXPERIMENTAL

-0:Re= 693.1 HDATA BY
-D:Re= 854.1 flMORALES
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§2.0
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1.0
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Fig. 3 Radial velocity profile within the sulfer dioxide reactor.
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Fig. 4 Radial temperature profiles within the sulfer dioxide reactor.
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Fig. 2 Rate of oxidation of SO2 over alumina catalysts impregnated
with platinum.

Fig. 5 Axial variations in the centerline temperature of the sulfer
dioxide reactor.
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the effects of a reduction in the thermal dispersion and wall
channeling. Moreover, it is found that the predicted temper-
ature profiles are wavy. This stems from the fact that the local
effective thermal conductivity affecting the local temperature
profiles was allowed to vary in accord with the local porosity
distribution. There exists little discrepancy between theory
and experiment in the inlet region of the reactor: the predicted
results are slightly higher than the experimental data in the
central core of the reactor. Despite this discrepancy, the
agreement between them is acceptable in view of uncertainty
in the experiment.

The comparison between the predicted centerline temper-
ature and the experimental one is made in Fig. 5. The location
of the hot spot temperature is well-predicted, while the pre-
dicted temperature is a little higher than the experimental
result.

The calculated conversion profiles are shown in Fig. 6. The
obtained profiles oscillate periodically in accord with the local
porosity variations and the conversion gradient at the cold
boundary becomes zero because the wall was assumed to be
noncatalytic.

The axial variations in the mean conversion are shown in
Fig. 7. The theoretical predictions agree excellently with the
experimental data, and this supports the adequacy of the pro-
posed porosity-dependent mass dispersion coefficient.

3 1.58X103

3.79X103

5 5.09X103

0 0.2 0.4 0.6 0.8 ID

Fig. 6 Radial conversion profiles within the sulfer dioxide reactor.
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Fig. 7 Relations between the mean conversion and the dimensionless
axial distance for the sulfer dioxide reactor.

Fig. 8 Relations between the local Nusselt numbers and the axial
distance for the sulfer dioxide reactor.

Variations of the local Nusselt number against the dimen-
sionless axial distance are shown in Fig. 8, where the com-
puted result for pure convection is denoted by the broken
line, while the case considering chemical reaction is repre-
sented by the solid line. As seen from this figure, only a little
difference exists between them: the Nusselt number for the
chemically reacting flow is slightly lower than that for pure
convection, since, for the former case, the temperature gra-
dient at the wall becomes dull due to the amount of heat
released by the chemical reaction.

Conclusions
The quasihomogeneous model for simultaneous heat and

mass transfer in catalytic packed beds was described. The
Darcy-Brinkman-Ergun model was utilized as the momen-
tum equation, with the radial porosity variations considered.
The energy equation included the effects of variable stagnant
effective thermal conductivity and porosity-dependent trans-
verse thermal dispersion. In addition, the effects of porosity-
dependent transverse mass dispersion were taken into account
in the equation of continuity for chemical species. Based on
the proposed model, oxidation processes of sulfer dioxide to
sulfer trioxide in a cylindrical catalytic reactor were analyzed
under conditions as reported by Schuler et al.4 The theoretical
results for the temperature profiles and mean conversions
agreed satisfactorily with the experimental data, and this con-
firms the adequacy of the present model involving no ad-
justable parameters.
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